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Abstract  

This   paper   focuses   on   discussing   the   principle   of   "ʺVertical   Tax   Equity"ʺ,   theoretically   and  
mathematically,   by   comparing   between   three   rules:   absolute   sacrifice,   proportional   sacrifice,  
and  marginal  sacrifice.  Vertical  tax  equity  is  based  essentially  on  two  principles:  "ʺAbility  to  pay"ʺ  
and  “The  amount  of  sacrifice”  or  “Loss  of  welfare”  for  every  taxpayer.  The  study  showed  and  
illustrated  how  to  make  a  comparison  between  the  three  rules  above  which  may  contribute  to  
the  design  of  the  optimal  tax  system,  and  how  governments  may  determine  the  "ʺfair  share"ʺ  for  
taxpayers`   contributions   in   its   spending.   Graphs   and   mathematical   equations   were   used   to  
illustrate  how  to  find  the  optimal  tax  rate  based  on  the  loss  of  the  welfare  of  taxpayers.    
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1. Introduction

Several   authors   argued   that   the   classical   criteria   of   equals   treated   equally   imply   no   rank  
reversal   criterion   (Feldstein,   1976;  Plotnick,   1981;  King,   1983).  Atkinson   (1970),  Blackorby  and  
Donaldson   (1976),   Sen   (1973),   Kondor   (1975), Rosen   (1978),   Fields   and   Fei   (1978), and   King  
(1983)   have   pointed   out   that index  measures   of   the   income distribution   should   be   consistent  
with   a   social welfare   function.   Some   of   these   authors   have   provided   indicators   to   determine  
how   income   is  distributed,   such   as  Gini   coefficient   and  Atkinson’s   index.   Later,   a   number   of  
authors  linked  the  subject  of  public  finance  and  taxation  to  income  distribution.  However,  they  
discussed   how   to   achieve   tax   Equity   in   their   literatures.  Although   it   is   difficult   to   access   tax  
Equity,   it   is   a   basic   criterion   for   tax   structure   design.  Most   people   agree   that   the   tax   system  
should  be   fair   in   the   sense   that  anyone  who  pays  a   tax  must  be   involved   in  a   "ʺfair   share"ʺ   for  
government  spending.  Nevertheless,  there  is  no  agreement  on  the  definition  of  this  "ʺfair  share".  
In  addition,  there  are  two  approaches  that  can  be  taken  into  consideration  about  tax  equity:  

a) An   approach   based   on   the   so-‐‑called   "ʺbenefit   principle"ʺ,   based   on  Adam   (Smith,  A.,   1776),
where  each  taxpayer  contributes  in  line  with  the  benefits  received  from  public  services.
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According  to  this  approach,  the  appropriate  tax  formula  depends  on  the  patterns  of  preference  
and,  more  specifically,  on  the  elasticity  of  both  income  and  price.  If  the  income  elasticity  is  high,  
the  appropriate  tax  rates  will  rise  with  the  income,  but  if  the  price  elasticity  is  high,  the  rise  will  
be  lower.  The  relationship  can  be  defined  as  follows:  

-‐‑-‐‑-‐‑-‐‑-‐‑-‐‑-‐‑-‐‑(1) 

-‐‑-‐‑-‐‑-‐‑-‐‑-‐‑-‐‑-‐‑(2)  

Where  Ey:  The  elasticity  of  income,  Ep:  The  elasticity  of  price,  Y:  Income,  P:  Price.      

By  dividing  equation  (1)  with  (2):  

-‐‑-‐‑-‐‑-‐‑-‐‑-‐‑-‐‑(3)  

The  right  side  of  equation  (3)  expresses  the  elasticity  of  the  tax  rate  of  income,  which:  

• Ey/Ep=1,  The  tax  rate  will  be  constant.  

• Ey/Ep>  1,  The  tax  rate  will  be  progressive.  

• Ey/Ep<  1,  The  tax  rate  will  be  regressive.    

Therefore,   the   required   structure   for   tax   rate  will   be   proportional,   progressive,   or   regressive,  
which  depend  on  whether  income  elasticity  of  demand  for  public  goods  equals,  exceeds,  or  falls  
short  of  price  elasticity.    

The   second   approach   is   based  on   the  principle   of   "ʺability   to  pay."ʺ  Under   this   approach,   each  
taxpayer  contributes  proportionately  to  its  ability  to  pay.  This  approach  is  not  easy  to  apply  or  
even   interpret.   A   clear   mechanism   must   be   found   to   measure   the   "ʺcapacity   to   pay"ʺ   before  
applying   this  principle;   thus,  people  of  equal   income  pay   the   same  amount  of   tax   (horizontal  
equity),  while  those  with  higher  incomes  pay  a  higher  tax  (vertical  equity)  (Wise  &  Berger,  2010) 
(TJNA,  2011).  

Nevertheless,  the  difficulty  here  is  how  to  develop  a  quantitative  measure  of  ability  to  pay.  This  
paper  focuses  on  the  second  approach  to  the  form  of  taxation,  specifically  the  so-‐‑called  “vertical  
Equity”.  

2. Research  Problem  

The   study   will   examine   how   to   achieve   vertical   tax   equity   theoretically.   It   will   also   seek   to  
clarify  the  options  available  for  selecting  the  appropriate  tax  system  by  linking  tax  equity  to  loss  
of  income  for  taxpayers.  Several  studies  such  as                (Holeckova,  2013)  have  shown  that  the  tax  
system  that  seeks  to  raise  revenue  in  ways  that  avoid  distortion  effects  is  considered  neutral  tax  
system.  Furthermore,  (Mostar&  Evan,  1995)  argue  that  the  taxpayer'ʹs  awareness  of  the  absence  
of  tax  equity  negatively  impacts  on  his  decision  to  disclose  his  income.    

3. Importance  of  the  Research  

The  importance  of  the  study  lies  on  the  importance  of  designing  an  appropriate  tax  system  that  
achieves   equity   among   taxpayers.   A   distortion   of   the   tax   system   will   negatively   affect   the  
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economies   of   countries   (Škreb,   1999).   Also,   there   are   some   aspects   that   must   be   considered  
when   designing   a   tax   system,   for   example,   (Güneş   &   Polat,   2016)   focus   on   the   relationship  
between   democracy   and   economic   development   over   the   concept   of   taxation.   Furthermore,  
(Obeid  &  Awad,  2018)  shows  that  the  2008  global  financial  crisis  highlighted  the  importance  of  
maintaining   financial   stability.   The   discussion   of   monetary   and   fiscal   policies   is   no   longer  
separated  from  policies  related  to  policies  targeting  to  control  systemic  risk.      

4. Research  Objectives  

The   aim   of   this   study   is   to   provide   a   simplified   theoretical   framework   on   how   to   achieve  
vertical  tax  equity  mathematically,  and  how  to  link  the  determination  of  the  tax  rate  to  the  loss  
of  welfare  for  taxpayers. 

5. Methodology  

In   this   study,   graphs   and  mathematical   equations   will   be   used   to   illustrate   how   to   find   the  
optimal  tax  rate  based  on  the  loss  of  welfare  of  taxpayers.  

6. The  concept  of  Vertical  Equity  

The   issue  of  vertical  equity   in   taxation   is   linked  to   the  so-‐‑called  "ʺEqual  Sacrifice  Rules"ʺ  where  
taxpayers   are   treated   equally   if   the   tax   includes   equal   loss   of  welfare,   and   loss   of  welfare   is  
linked  to  loss  of  income.  People  with  different  income  must  pay  different  amounts  of  taxes,  but  
the   problem   here   is   how   to   determine   these   amounts   and   how   to   interpret   the   concept   of  
"ʺequality"ʺ  and  whether  equal  loss  requires  progressive  tax  or  not.  

Therefore,   the  answer  to  the  above  questions  depends  on  the  form  of  the  income  benefit   table  
and  the  base  of  the  equal  loss.  Mill  (1921)  argued  that  taxpayers  are  said  to  be  treated  equally  if  
their   tax   payments   involve   an   equal   sacrifice   or   loss   of   welfare.   Here,   equality   can   be  
interpreted   to   mean:   absolute   sacrifice,   proportional   sacrifice,   or   marginal   sacrifice.   These  
concepts  can  be  interpreted  in  the  following  graph.  The  first  graph  illustrates  the  low  income  for  
the  taxpayer  (L),  while  the  second  graph  illustrates  the  high  income  of  the  taxpayer  (H).  MUL  &  
MUH  is  the  marginal  utility  of  the  income  tables.  The  income  before  tax  of  L  is  OB,  while  OB`  is  
the   income   before   tax   for  H.   In   addition,   the   total   utilities   received   by   L  &  M   are  OBDM  &  
OB`D`M`   respectively.   So   the   question   is:   how   can   taxes   be   calculated   under   the   three   rules  
mentioned  above?  
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Figure  1.  Measure  of  Equal  Sacrifice  

  

  

6.1 .  Absolute  Sacrifice  

Under   the  absolute  sacrifice  rule,  L   is   the  owner  of   the  OB  income  pays  CB,  whereas  H  is   the  
owner  of  the  OB'ʹ  income  pays  C'ʹB'ʹ.  Thus,  the  required  tax  returns  are  CB  +  C'ʹB  'ʹ=  T,  the  loss  of  
welfare   for  L   is  equal   to  CBDE  while  H   is  equal   to  C'ʹB'ʹD'ʹE   'ʹ,  and  T   is  also  distributed  so   that  
CBDE  =  C'ʹB'ʹD'ʹE'ʹ.  

If  the  marginal  utilities  for  both  taxpayers  L&H  are  constant  and  equal,  the  MU  will  be  parallel  
to   the  x-‐‑axis;   the  absolute  sacrifice  will   lead   to   the  achievement  of  a   regressive   tax  rate   for  all  
incomes. 
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Figure  2.  Measure  of  Equal  Sacrifice  

  

 

Suppose  X1:  Tax  from  taxpayer  L  with  income  I1,  X2  :  Tax  from  taxpayer  H  with  income  I2,  and  
the  required  revenue  from  taxes  is  T.  

X1+  X2=T  è  X2=T-‐‑  X1.  

The  income  after  tax  for  the  taxpayer  with  income  I1è  I1-‐‑  X1  

And  the  income  after  tax  for  the  taxpayer  with  income  I2è  I2-‐‑  X2,  but  X2=T-‐‑X1  

Thus,  we  can  rewrite  the  income  after  tax  for  the  taxpayer  as  Hè  I2-‐‑T+X1  

So,  we  can  find  the  values  of  X1  and  X2  using  Integration:  

1= 2  

MUL	  

MUH	  

I1	  I1-‐X1	  

X1	  

I2	  I2-‐X2=	  I2-‐T+X1	  

X2	  
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Special   Case:   If   = =C   (Which   C   denotes   to   a   constant   number),   then   (Note:   MU  
Curve  will  be  parallel  to  X-‐‑axis):  

1= 2  è  C(I1-‐‑I1+X1)=C(I2-‐‑  I2+T-‐‑X1)  

X1=T-‐‑X1  è  X1=T/2-‐‑-‐‑-‐‑(4)  

Now  X2=T-‐‑X1  è  X2=T-‐‑(T/2)  è  X2=T/2  -‐‑-‐‑-‐‑-‐‑(5)  

Thus,  the  income  after  tax  for  the  taxpayer  with  income  I1is  (I1-‐‑   )  

Similarly,  the  income  after  tax  for  the  taxpayer  with  income  I2  is  (I2-‐‑   )  

If  we  assume   that   I1=500$,   I2=1000$  and  T=100$,   then   the   required   tax   from   the   taxpayer  with  

income  I1  will  be     =  10%  of  his  income  as  a  tax.  

Similarly,  the  required  tax  from  the  taxpayer  with  income  I2  will  be     =  5%  of  his  income  as  a  

tax.  

6.2 .  Proportional  Sacrifice  

If   the   tax  burden   is  distributed  proportionately   to   the   loss,   from  Figure  1,   the   taxpayer  L  will  
pay  PB  and   the   taxpayer  H  will  pay  P'ʹB   'ʹ,   i.e.  T  =  PB  +  P'ʹB'ʹ,   the   tax  divided  between   the   two  
taxpayers.  Therefore,  the  loss  of  welfare  to  be  lost  for  L  (or  PBDK  /  OBDM)  are  the  same  as  in  H  
(or  P'ʹB'ʹD'ʹK   'ʹ/  O'ʹB'ʹD'ʹM'ʹ).  Under   this   rule,   it   is  clear   that   the  constant  MU  table  will   lead   to   the  
achievement  of  proportional  taxation.  

To  find  the  values  of  X1  and  X2,  we  can  use  Integration  again  (Figure  2):  

=   

If   = =C  (C:  constant  number),  then:  

=   è     

è  X1= -‐‑-‐‑-‐‑(5)  

Now  X2=T-‐‑X1  è  X2=T-‐‑   è  X2=   -‐‑-‐‑-‐‑-‐‑(6)  

Thus,  the  income  after  tax  for  the  taxpayer  with  income  I1is  (I1-‐‑ ).  

Similarly,  the  income  after  tax  for  the  taxpayer  with  income  I2  is  

  (I2-‐‑ ).  

If  we   assume   that   I1=500$,   I2=1000$   and  T=100$,   then   the   required   tax   rate   from   the   taxpayer  

with  income  I1  will  be:   = .  
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  Similarly,  the  required  tax  rate  from  the  taxpayer  with  income  I2  will  be  

= .  

6.3.  Marginal  Sacrifice  

Under  the  marginal  sacrifice  rule,  L  pays  FB  and  H  pays  F'ʹB,  'ʹie  T  =  FB  +  F'ʹB'ʹ,  and  the  marginal  
loss  of  income  will  be  FG  =  F'ʹG  'ʹ.  At  the  same  time,  the  total  loss  of  welfare  for  both  taxpayers  is  
given  as  FBDG  +  F'ʹB'ʹ  D'ʹG  'ʹ.  The  after-‐‑tax  income  is  equivalent  to  OF  =  O'ʹF'ʹ. 

To  explain  this  rule  suppose  that  the  incomes  of  taxpayers  L  &  H  is  740$  and  800$  respectively,  
if  the  required  tax  returns  is  50$,  then  the  full  tax  will  be  deducted  from  taxpayer  H  only.  This  is  
because  800$-‐‑50$>740$.  However,   if   the   required   tax   returns   is   80$,   then   taxpayer  H  will  pay  

60$+ =70$,  and  taxpayer  L  will  pay   .  Therefore,  we  can  simply  observe  that  the  tax  

rate  applied  in  accordance  with  this  rule  is  a  progressive  tax.  This  is  because  the  tax  rate  for  H  is  

given  as=   =8.75%  and  for  L= =1.35%.  

According  to  this  rule,  we  can  derive  the  tax  function  for  taxpayer  H.  Thus,  it  can  be  formulated  
as  shown  below:  

TH          where   I2   is   the   income   for   taxpayer   H,   I2   is   the   income   for  

taxpayer  L,  and  T=T1+T2.  

Also  the  tax  function  for  taxpayer  L  can  be  formulated  as  follows:  

TL   

7. Conclusion  

In   conclusion,   this   paper   provides   a   discussion   of   horizontal   and   vertical   equity   concepts  
mathematically.  The  paper  gives  examples  to  explain  how  to  design  tax  rates.  By  comparing  the  
results   in  each  example,  we  saw  that  for  both  taxpayers  H  and  L  under  the  three  rules  above,  
the   results   of   taxpayer   L   under   the  marginal   sacrifice   rule   is   the   best   rule   for   him.   This  was  
followed  by   the  proportional   sacrifice   rule   and   then   the  absolute   sacrifice   rule,   and   it   is   clear  
that  the  taxpayer  H  pays  more  than  L  regardless  of  the  selected  rule.  

Under   the   vertical   equity   or   "ʺEqual   Sacrifice   Rules"ʺ,   this   paper   showed   that   taxpayers   are  
treated   equally   if   the   loss   of  welfare   is   linked   to   loss   of   income.  As   a   result,   these   rules  may  
contribute  to  the  design  of  the  optimal  tax  system.    
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